We unveil the dynamics of four dimensional chiral gauge-Yukawa theories featuring several scalar degrees of freedom transforming according to distinct representations of the underlying gauge group. We consider generalized Georgi-Glashow and Bars-Yankielowicz theories. We determine, to the maximum known order in perturbation theory, the phase diagram of these theories and further disentangle their ultraviolet asymptotic nature according to whether they are asymptotically free or safe. We therefore extend the number of theories that are known to be fundamental in the Wilsonian sense to the case of chiral gauge theories with scalars.
the infrared trustable fixed-point dynamics for the (complete) asymptotically free theories as well as the potential emergence of interacting UV fixed points in all couplings referred to as complete asymptotic safety when asymptotic freedom is lost, extending the work of [8] The theories under investigation are built on the foundation of the chiral Lagrangian
where we have suppressed the gauge indices. The flavor indices are j = 1, 2, . . . , (N ± 4 + p), and k = 1, 2, . . . , p. The fermionic field T refers to either A or S and transforms in the 2-index antisymmetric or 2-index symmetric representation of the gauge group respectively. F andF transform in the fundamental representation of the gauge group.
We learn that it is possible to achieve complete asymptotically free chiral gauge field theories with scalars and further, that these theories possess an infrared conformal window.
Once asymptotic freedom is lost in the gauge coupling, by varying the number of vector-like species, asymptotic safety can occur in gauge-Fermion theories only non-perturbatively and above a critical number of flavours. In the presence of scalar singlets the induced Yukawa interactions help taming the ultraviolet behaviour of the gauge interactions and perturbative asymptotic safety emerges similarly to the case of purely vector-like theories [8] .
Our results extend the number of theories that can be fundamental according to Wilson [69, 70] to the case of chiral gauge theories with scalars. In fact the occurrence of UV complete fixed points guarantees the fundamentality of the theory since, setting aside gravity, it means that the theory is valid at arbitrary short distances [69, 70] .
II. GAUGE-FERMION ANALYSIS OF THE BY AND GG GENERALISED THEORIES
We begin by re-examining and extending the investigations of the conformal dynamics of BY and GG theory without scalars. To enable us to easily compare our analysis across different values of the number of colors, N, we will replace p by x = p/N in the much of following, and keep in mind that the theory is only physical for certain values of x. The beta function to three loop order can be found in the appendix (A2). We note that in the limit of large N and large p with the ratio x = p N held constant (which we will refer to as the Veneziano limit), the BY and GG theories have the same beta functions, and indeed it can be shown that the theories are completely equivalent in this limit.
In our search for fixed points, will use the Banks-Zaks method, where we start out by finding the value of x where the one loop term in the beta function vanishes for a given N and call this x AF . For x > x AF the theory is infrared free and for x < x AF the theory is asymptotically free. We have
A. Asymptotically Free Dynamics and Conformal Window
We first investigate the phase diagram for the asymptotically free regime of the theory.
Veneziano limit
In this limit the ratio x = p/N is held constant and we rescale the coupling by N as follows For convenience, we write the beta function in this case explicitly.
Here the Banks-Zaks fixed point is an IR one. It is found by setting βā g = 0 and by picking the solution which vanishes smoothly for x = x AF , as is seen in Fig. 1 .
However, the three loop term introduces a second fixed point that will be discussed later.
Finite N and p Conformal Window
From a phenomenological point of view it is interesting to cover also the low N limit. Since the GG theory is defined only for N ≥ 5, we will use this as a reference value, but also consider the conformal window for any N and p.
For N = 5 we proceed exactly as in the Veneziano case above. Here we have that BY and GG possess a qualitatively similar picture, see Figs. 2.a and 2.b. A similar picture is also found for the BY model for N = 2, but since the GG theory cannot be extended to such low values, we do not discuss it further.
It is conventional to speak of the conformal window, that is the region in parameter space where the theory is asymptotically free and has a trustable IR fixed point. To determine the conformal window in the theories discussed in this paper, we restore the parameter p and work in the parameter space spanned by N and p. The upper boundary of the conformal window is uniquely given by the line for which the one loop beta function vanishes For definitiveness we consider explicitly the conformal window for the GG theory since the one for the BY theory is similar. To estimate the lower boundary of the conformal window we use several methods. One could simply ask when the two loop beta function ceases to have a fixed point, which happens when the two loop term vanishes, β 1 = 0. However, at this point, the putative fixed point value diverges, indicating that perturbative control has long been lost. Another method, which draws upon our non-perturbative knowledge of the theory, is to define the limit as the point where the anomalous dimension of the fermion mass operator at the fixed point equals two, γ * = 2. For anomalous dimensions larger than two, the associated scalar operator would violate the unitarity bound [71] . Instead of this method, we will use the more conservative expectation that the lower boundary of the conformal window occurs for γ * around unity when four-fermion operators cannot be neglected since they can drive chiral symmetry breaking. Yet a fourth possibility [72] is to insist that, along the flow connecting the IR and UV fixed points, thẽ a-function of Osborn [57, 58] has the property [56] that
This inequality was conjectured by Cardy [56] , it has been show to hold in the limit of vanishing coupling constants [57, 58] , and it has since been argued to hold non-perturbatively [73, 74] .
We consider here all these estimated lower boundaries and note that they each give different constraints with the most constraining coming from the perturbative positivity of ∆ã. We present the conformal window for the generalized Georgi-Glashow theory in figure 3. The border between IR-freedom and asymptotic freedom, ∆ã BZ = 0, γ * = 1, and β 1 = 0.
Alternative nonperturbative suggestions to estimate the lower boundary of the conformal window and the possible infrared phases of these theories have been discussed in [61] .
Finally the conformal window for the BY theory at large N agrees with the GG one by construction while qualitatively is very similar to the GG at smaller N.
B. Asymptotically Safe Conformal Window without Scalars
For x > x AF the theory is infrared free and develops a Landau pole at one loop. At two loops and in the trustable perturbative regime it does not develop an interacting UV fixed point in agreement with the results of [75] . This theory, however, might still become asymptotically safe in the large p limit in a fashion similar to the one investigate in [76] for a purely vector-like theory.
In fact, a tantalising hint that asymptotic safety can indeed emerge here is provided by a careful analysis of the three-loops results. Here we observe the occurrence of an interacting UV fixed point with the coupling value at criticality that decreases as we increase the number of vector-like fermions p. The value of the UV fixed point coupling both in the Veneziano limit and GG theory for N = 5 (the BY theory has an equivalent behaviour) is shown respectively in freedom is lost and x, i.e. the number of flavours, is above a critical value.
The potentially novel asymptotically safe conformal window is shown in Figure 5 . The qualitative feature of this asymptotically safe window is that it would start at a critical number of flavors above the loss of asymptotic freedom and would then continue for any number of flavors above that. Of course, because of the absence of a perturbatively trustable Banks-Zaks-like fixed point this picture needs independent confirmation. It is in line, however, with similar expectations at large number of flavors in vector-like theories discussed in [76, 77] .
If asymptotic safety were to occur in these theories, like for the vector-like case [76, 77] , because of the absence of a Bankz-Zaks fixed point a critical number of flavours must necessarily develop such that in between the loss of asymptotic freedom and this value the theory cannot be fundamental. Above this critical value the theory admits a continuum limit. The crucial fact is that these theories could become asymptotically safe because of the sufficiently large number of fermions rather than due to the balancing effect of Yukawa interactions in theories featuring also scalars [8] . In these theories scalars would not be needed to restore the fundamentality of the theory when asymptotic freedom is lost.
To elucidate the question of whether this putative fixed point is indeed physical or a mere artifact of perturbation theory, we have computed ∆ã NBZ , the change in theã-function between the ultraviolet non-Banks-Zaks fixed point and the infrared Gaussian fixed point, and for all relevant values of p and N, we find that it is negative which appears to be a strike against the perturbative trustability of this fixed point. We also find that the anomalous dimension of theFF operator at this fixed point is always negative. Of course, these results imply that non-perturbative methods must be considered here to decide whether a new UV-safe conformal window emerges. 
III. GENERALIZED CHIRAL GAUGE THEORIES WITH A MESON-LIKE SCALAR
We now move to consider chiral gauge theories that include also scalars and investigate their phase structure. Because of the presence of scalars, new interactions become possible such as Yukawa and self-interactions. This means that new marginal couplings need to be considered including their beta functions. We provide the detailed analysis for the examples that we found most representatives and comment on the general results later.
We start by adding a mesonic-like scalar field M which is a singlet under the SU(N) gauge group, and bifundamental under the global SU(N ± 4 + p) × SU(p) group. This means that the Lagrangian will be extended to include Yukawa interactions and scalar self-interaction and assume the generic form:
The newly introduced coupling constants are rescaled as follows
and the full set of beta functions are given in equations (A4)-(A7). Because the newly introduced scalar does not modify the one-loop gauge beta function asymptotic freedom for the gauge coupling is lost again for
We now investigate the IR conformal dynamics of this theory both in the Veneziano and finite N and p limits.
A. Complete Asymptotic Freedom in the Veneziano limit
In this limit the two theories are degenerate and the double trace coupling z 1 decouples from the running of the other couplings. The opportunely rescaled couplings read
Because of the presence of Yukawa and scalar self-coupling interactions, this theory does not in general allow for a continuum limit, even when the gauge coupling is asymptotically free. One has to further study the one-loop conditions for the Yukawa and scalar self-coupling interactions to ensure that they are also asymptotically free. Since, at least at large N, the double-trace operator is a spectator coupling, the general conditions for this to happen reduces to the ones presented in [6] that we review here for the reader's convenience. In the parameter space region where the Yukawa couplingā M vanishes faster thanā g , the conditions for complete asymptotic freedom are
with these coefficients related to the beta functions via
and
For the theory studied here, and within the regime of interest, we have:
where in the last equation we have used that b 0 < 0. Thus, the first three conditions are satisfied when 0 < x < b 0 −c 1ā g (see [6] for details), the conditions are
with
and we find
which satisfies the conditions for 0 < x < 9 2 . Since the final condition of (13) only fails to be satisfied when the influence of the Yukawa coupling is ignored entirely, we interpret these results as complete asymptotic freedom being found for all values of a g and a y in the region bounded by the fixed-flow line and a y = 0.
We present in Fig. 6 the renormalization group (RG) flow for pairs of couplings demonstrating the existence of a completely asymptotically free region, as well as the IR-attractive fixed points discussed in the IR dynamics paragraph.
Conformal IR dynamics
The presence of IR fixed points can be investigated independently of the complete asymptotically free analysis since the RG trajectories will inevitably end at the IR fixed point.
For x < x AF we have two Banks-Zaks type fixed points (meaning that they vanish at x = x AF ), one for positive z 2 , which has two corresponding solutions for z 1 , and one fixed point with negative z 2 and only imaginary solutions for z 1 . For further details, see Figs. 7.a and 7.b. Since the second fixed point has a negative value for the self-coupling, the theory described by this fixed point is unstable and we will not consider it further. We refer to the fixed values of the first fixed point as
The analysis of this fixed point follows closely the one of the theory described in [59, 78] and we will only deal with it briefly here. Note that there are other fixed points which can be found by allowingā g ,ā M orz 2 to equal zero. We have in figure 6 .a referred to the fixed point one finds by settingā g = 0 byā M andz 2 .
It is interesting to note (see Figure 7 .a) that where the fixed point value of a g in the gaugeFermion case diverges for low x, we here find that the presence of Yukawa and quartic couplings forces the fixed point value down to instead vanish at low x.
Finite N
We proceed by examining the IR dynamics of the mesonic gauge-Yukawa BY theory for N = 5, and find that the fixed point with negative z 2 (corresponding to Figure 7 .a) has disappeared, while the one with positive z 2 (corresponding to Figure 7 .b) remains. We also see that even at finite N, the contribution from the double trace operator z 1 is small, in that the fixed point locations , is approached from below. We will return to this point in the next section, but for values of x lower than x AF , the behaviour is unaffected by these details.
In the finite N cases, the influence of the single trace coupling z 1 cannot be ignored on the question of complete asymptotic freedom, and the analysis of [6] needs to be expanded to include multiple quartic self-couplings. An in-depth analysis goes beyond the scope of this work. Nevertheless, by continuity we expect, at least for N and p sufficiently large, the theory to still feature a complete asymptotically free region in coupling space.
B. Comments on Asymptotic Safety
We saw in To elucidate this point here, we write the a M beta function to one loop for the generalized GG model with the meson field M and find the fixed-flow by setting it to zero
the resulting two-loop effective gauge beta function reads:
the orange curve we deduce that for N = 5, 6, 7 a conformal window for asymptotic safety opens up albeit for a tiny region of non-integer p for integer N. 
IV. CHIRAL GAUGE THEORIES WITH A HIGGS-LIKE SCALAR
In this section, we will include a scalar H transforming according to the fundamental representation of the gauge group instead of the mesonic singlet field M. This means that the Lagrangian will be extended to include
Here we adopt the convention that y k is a vector where the first entry is y H and all others zero, 3 such that y k y k = y 2
We rescale the newly introduced coupling constants in the following manner
Since we can, in this case, only form a single quartic coupling, the theory has only three beta functions. We work here at finite N and p, and list the full beta functions in Appendix A 3.
We learn that the presence of this specific scalar matter does little to change the basic picture found in the pure gauge-Fermion case (see Section II) at the 2 loop level since the contribution of charged scalar degrees of freedom enters the gauge beta function with the opposite sign of the Yukawa interactions. One notable feature that occurs at the 3 loop level, however, is that we observe a fixed-point merger which provides a calculable lower boundary to the asymptotically free conformal window (see Figures 12.a and 12.b) . Therefore, conformality will be lost smoothly, and we expect that a walking region will be present for x slightly below the merger value. A careful analysis of a similar situation was performed in [79] and we will not discuss this phenomenon further in this paper. The shaded region is completely asymptotically free in both the fixed-flow and a y → 0 limits. 
A. Complete Asymptotic Freedom
Since, by construction, we have one gauge, one Yukawa, and one quartic coupling, we can perform the complete asymptotic freedom (CAF) analysis at any N. This is neatly summarised in terms of the CAF parameter space regions of the theory in Figures 13.a and 13 .b.
We see that both the BY and GG theories exhibit complete asymptotic freedom for certain values of N and p. In the BY theory ( Figure 13 .a), the region of paramter space is smaller, but in the entire region, CAF can be realized in both the a y → 0 and fixed-flow limits, and (presumably)
for any value of the yukawa coupling between those two extremes. Conversely, in the GG theory, CAF is realized for a large swath of parameter space, but for most of it, the a y → 0 limit does not allow for complete asymptotic freedom.
V. THE GENERALIZED GEORGI-GLASHOW MODEL WITH ALL SCALARS
At last we consider the generalized Georgi-Glashow theory featuring simultaneously both the mesonic and higgs-like scalars.
where we have made some slight changes to the form of the Lagrangian compared to the mesonic and Higgs-like Lagrangian considered previously. Firstly, we have made explicit the fact that
The Higgs-like Yukawa interaction then breaks the previous symmetry of the mesonic Yukawa coupling into the two pieces shown above through loop corrections. This comes about because onlyF 1 couples to the Higgs field H, but allF k couple to the mesonic field M.
In analogy with our previous analysis, we rescale the couplings
and the beta functions up to two loops in the gauge coupling and one loop in the Yukawas are given by
We find the conformal window of this theory using the simplest possible criteria, i.e. that the border of asymptotic freedom determines one edge of the conformal window and the vanishing of the effective two-loop coefficient the second, see Fig. 14. To find the effective two-loop coefficient, we find the fixed point values for a H , a M and a 1 using β a H = β a M = β a 1 = 0. The blue line defines the border between asymptotic and infrared freedom, the yellow where β 1 = 0. The asymptotically free conformal window is shaded in blue and the asymptotically safe is shaded in yellow.
We observe that there the theory seems to exhibit two qualitatively different conformal windows. For N > 10, there is a narrow, but widening as N increases, slice of parameter space where conformality can be found within the asymptotically free region of parameter space. For N ≤ 10, however, we find that the conformal window lies above the boundary of asymptotic freedom, meaning that any fixed points will be asymptotically safe. Careful examination shows that asymptotically safe fixed points exist for four distinct theories given by (N = 5, p = 26), (N = 6, p = 30), and (N = 8, p = 39). The asymptotically safe conformal window also extends to N = 7, N = 9 and N = 10, however here there are no integer values of p for which asymptotic safety can be realised.
VI. CONCLUDING REMARKS
We studied the phase diagram of relevant chiral gauge-Yukawa theories in perturbation theory with and without several scalar degrees of freedom transforming according to distinct representations of the underlying gauge group. The gauge-fermion sector corresponds to the generalized Georgi-Glashow and Bars-Yankielowicz theories. Not only did we unveil the phase diagram of these theories, but we further disentangled their ultraviolet asymptotic nature according to whether they are asymptotically free or safe.
The emerging general picture is that it is possible to have complete asymptotically free chiral gauge field theories with scalars and further, that these theories can have a controllable infrared conformal window.
Asymptotic safety can kick in, once asymptotic freedom is lost in the gauge coupling, nonperturbatively when scalars are absent and furthermore above a critical number of flavours in agreement with the observations made in [80] . When, however, scalar singlets are present Yukawa interactions help taming the ultraviolet behaviour of the gauge interactions and perturbative asymptotic safety emerges as observed first in [8] .
This is well in line with the argument of [68] that asymptotic safety can only occur in theories with gauge and Yukawa couplings.
Appendix A: Beta functions and anomalous dimensions
Gauge-fermion theories
In this appendix, we present the beta functions of the gauge-fermion theories under consideration. The beta functions are derived on the basis of References [81] [82] [83] [84] [85] [86] , which is done in the Landau gauge of the MS scheme and is as such independent of the gauge-fixing parameter. However, if one considers the theory in another scheme, more care must be taken to ensure gauge invariance, see e.g. [87, 88] .
To make our expressions more transparent, we will work initially with the coupling
To the three-loop order, the beta function in generalized Bars-Yankielowicz and GeorgiGlashow theory is:
where the upper (lower) signs correspond to the generalized BY (GG) theory. N is the number of colors which is restricted to N > 5 for GG theory, x = p/N is a more convenient variable than p when considering the large N limit and it is a simple matter to make the replacement if one cares only about a specific finite N.
We can also compute the anomalous dimension of the fermion mass operator FF to two loop
where the upper (lower) signs again correspond to the generalized BY (GG) theory.
Chiral gauge theories with a mesonic-like scalar
The following are the beta functions for the chiral gauge theories (either BY or GG) that include a mesonic-scalar like operator with the Lagrangian given in (8) .
(A6)
Chiral gauge theories with a higgs-like scalar
The following are the beta functions for the chiral gauge theories (either BY or GG) that include a higgs-like scalar operator with the Lagrangian given in (26) . 
If the beta function coefficients satisfy these constraints and the couplings satisfy appropriate initial (infrared) conditions the theory is complete asymptotically free. The first (second) condition is necessary to ensure asymptotic freedom of the gauge (Yukawa) coupling while the third and fourth conditions are necessary to ensure asymptotic freedom and positivity of the self coupling.
On the other hand if the gauge and Yukawa couplings are on their fixed flow then the necessary set of conditions that the beta function coefficients must satisfy is
where
The condition for asymptotic freedom of the self coupling is in this case different from the condition where the gauge and Yukawa couplings are not on their fixed flow. This is because the running of the Yukawa coupling can no longer be neglected and has an influence on the running of the self coupling. If these contions CAF 2 are satisfied and the couplings satisfy appropriate initial (infrared) conditions the theory is complete asymptotically free.
Investigations of asymptotically free scenarios in non-abelian Higgs models making use of nonperturbative approaches appeared in [89, 90] .
